We investigate the space and time behavior of spontaneous thermohydrodynamic Quctuations in a simple Quid modeled by a lattice-gas automaton and develop the statistical-mechanical theory of thermal lattice gases to compute the dynamical structure factor, i.e. , the power spectrum of the density correlation function. A comparative analysis of the theoretical predictions with our lattice gas simulations is presented. The main results are (i) the spectral function of the lattice-gas fluctuations is fully compatible with the spectrum obtained from experimental measurements performed in real fluids; (ii) in the long-wavelength limit, the correlations of lattice-gas fluctuations are well described by the Landau-Placzek theory; (iii) at short wavelengths and/or at low densities, good agreement is obtained between the lattice-gas simulation results and the Boltzmann theory. These results provide solid support to the validity of the thermal-lattice-gas automaton as a consistent model system for real Quids librium. These excitations extend over a broad range of wavelengths and frequencies from the hydrodynamic scale down to the range of the intermolecular potential. Nonintrusive scattering techniques are used to probe these fluctuations at the molecular level (neutronscattering spectroscopy) and at the level of collective excitations (light-scattering spectroscopy). The quantity measured by these scattering methods is the power spectrum of density fluctuations, i.e. , the dynamic structure factor S(k, cu) which is the space and time continuously from the molecular level to the hydrodynamic scale, there are experimental and. theoretical limitations to the ranges where they can be probed and computed. Indeed no theory provides a fully explicit analytical description of space-time dynamics establishing the bridge between kinetic theory and hydrodynamic theory.
I. MOTIVATION
A fluid at global equilibrium can be viewed as a reservoir of excitations triggered by spontaneous fluctuations which disturb temporarily the system from local equilibrium. These excitations extend over a broad range of wavelengths and frequencies from the hydrodynamic scale down to the range of the intermolecular potential. Nonintrusive scattering techniques are used to probe these fluctuations at the molecular level (neutronscattering spectroscopy) and at the level of collective excitations (light-scattering spectroscopy). The quantity measured by these scattering methods is the power spectrum of density fluctuations, i.e. , the dynamic structure factor S(k, cu) which is the space and time Fourier transform of the correlation function of the density fluctuations. The spectral function S(k, u) is important because it provides insight in the dynamical behavior of spontaneous fluctuations [1] or forced fluctuations in nonequilibrium systems. Whereas the fluctuations extend continuously from the molecular level to the hydrodynamic scale, there are experimental and. theoretical limitations to the ranges where they can be probed and computed. Indeed no theory provides a fully explicit analytical description of space-time dynamics establishing the bridge between kinetic theory and hydrodynamic theory.
Scattering techniques have a limited range of wavelengths over which fluctuation correlations can be probed. An important gap remains between the molecular level (neutron scattering) and the hydrodynamic scale (light scattering) which will eventually be filled by modern shortwavelength laser-light spectroscopy. Numerical computational techniques can in principle realize moleculardynamics simulations over the whole desired range, but computation time and memory requirements restrict the applicability of the method in practice to systems with a number of particles not exceeding 10 [2] . An interesting alternative is provided by lattice-gas automata both from the computational and from the theoretical point of view [3, 4] . By constructing a model system with point particles, undergoing displacements on a regular lattice in discrete time steps, and by representing collisional processes by configurational transitions on lattice nodes, one obtains a considerable gain in computational efBciency so that fluid systems with several millions of particles are commonly implemented. On the theoretical side, the reward can also be appreciated when one views the lattice gas as a simplified version of the hard-sphere gas. Starting from exact microdynamical equations, statistical-mechanical computations can be conducted rather straightforwardly in a logical fashion with well controlled assumptions to bypass the many-body problem. Obviously the question must be raised as to the validity of the lattice gas automaton to represent actual fluids. Here we restrict our concern to the dynamical structure factor for a fluid system at global equilibrium. 1993 The AInerican Physical Society where [3] . ) We shall consider the lattice-gas automaton as a bona fide statistical-mechanical model with extremely simplified dynamics; it can be considered a further simplification of the hard-sphere gas. We may further argue that the lattice-gas model exhibits two important features.
(i) It possesses a large number of degrees of freedom.
(ii) Its Boolean microscopic nature combined with stochastic microdynamics results in intrinsic spontaneous fluctuations. The question then is whether these fluctuations capture the essentials of actual fluctuations in real fluids. A qualitative answer is provided by the results of Grosfils, Boon, and Lallemand [5] , who constructed a thermallattice-gas automaton where the spectrum of spontaneous fluctuations is compatible with the spectrum observed in real fluids. The purpose of the present paper is to present a detailed analysis of the approach both from the theoretical point of view and from the point of view of microscopic numerical experiments.
The paper is organized as follows. We first present in Sec. II the lattice-gas Boltzmann theory from where we compute the dynamical structure factor for a latticegas automaton with nontrivial energy conservation. The explicit expression of S(k, w) for the lattice-gas automaton in the hydrodynamic limit is obtained in Sec. III
where we recover the Landau-Placzek result [6] . As it turns out, the concepts of generalized hydrodynamics with nave-number-dependent sound-speed and transport coeKcients are essential to describe the observed dynamic structure function. For that purpose these quantities are calculated from the lattice Boltzmann equation in Sec. IV. We then describe the multispeed lattice-gas automaton that is used for the microscopic simulations.
The most important quantity measured is the spectrum of spontaneous fluctuations S(k, w), described in Sec. V.
Measurements are performed over a wide range of wavelengths (from the microscopic scale up to one-half of the system size). We present a quantitative analysis and comparison of the simulation results and the theoretical predictions obtained from the lattice-gas Boltzmann equation and the Landau-Placzek theory. The latter describes the lattice-gas behavior quite accurately in the hydrodynamic regime. The Boltzmann theory not only contains the Landau-Placzek theory as the limiting theory at long wavelengths, it also gives excellent agreement down to rather short wavelengths where generalized hydrodynamic e6'ects become important. We conclude with some comments.
The average is taken over an equilibrium ensemble and has the form of the usual Fermi distribution [4] , f, = (n, (r, t)) = 1+ e +~'* --1
where c, = zc; is the kinetic energy of a particle in velocity channel i . The Lagrange multipliers b (n, -P,~), conjugate to the summational invariants a (c, ) = (1,e, , c, ), are the chemical potential n, the inverse temperature P, and the parameter p, conjugate to the flow velocity, u = -g, c; f, In the sta.ndard ather- mal LGA's, energy is not conserved at all or trivially conserved, and the Lagrange multiplier P in (2.3) must be set equal to zero. The stationary distribution in basic equilibrium, f; = f = p/b, is then independent of the particle's energy. In this paper we consider thermal LGA's (P g 0) and we restrict ourselves to basic equilibrium, where the system is macroscopically at rest (u = p = 0). The dynamic structure factor is defined as the double Fourier transform with respect to space and time of the van Hove function G(r, t) [1] , the correlation function of density fluctuations b p(r, t) around the equilibrium state, and r, = (Of; jOn) p = f;(1 -f,) is the equal-time correlation function of the bn, 's. The static structure factor is the Fourier transform of the equal-time density-density correlation function, (2.6) Before closing the present section, we observe that we have used in the above derivation one of the right eigenfunctions of 0;j with zero eigenvalue, i.e. , as obtained from (2.2) and (2.5).
In the present paper the kinetic propagator will be calculated in the mean-field or Boltzmann approximation. The lattice-gas Boltzmann equation reads [7, 8] = ) 0;,K, a"(c, ) = 0, 2 (2.13) n;(r+ c;,t+ 1) = n;(r, t) + I, (n In obtaining the second equality we have used the relation Q. 0;,r~= 0 (see below). This is the final expression for the dynamic structure factor in Boltzmann approximation. The inverse matrix in (2.12) is b dimensional and depends on w and k. In general, it is too complicated to be inverted analytically and we have used (2.12) for a direct numerical evaluation for the LGA model described in Sec. IV. When one is interested in the dynamic structure factor S(k, u) in the hydrodynamic regime, i.e. , when the system is probed with a wavelength large compared to the interparticle distance and large compared to the mean free path between collisions, then the method of Landau and Placzek [9] allows us to calculate S(k, w) analytically, from (2.12) in the limit of small spatial and temporal variations (k -+ 0, w -+ 0). The hydrodynamic limit of the dynamic structure factor is computed and discussed in Sec. III. The model to be discussed in Sec. IV is a detailed-balance model. We first deduce from (3.10) that Combination of (3.10), (3.16), and (3.17) yields the dynamic structure factor in the Landau-Placzek approximation [6] , S(k, (u) fp -1)
(3.20)
The same result can be derived by taking the limit as k -+ 0 of the formulas (3.12) and (3.13) , where one should notice that the small k limit and the w integration in (3.13) (3.10) , and predominantly determine the line shapes and the value at the maxima, as well as the Landau-P laczek amplitudes.
In this section we focus on the structure of the eigenvalue spectrum, as obtained by numerical calculation performed on the two-dimensional lattice gas [5] whose presentation is postponed to Sec. V. Indeed the analysis in the present section does not require a detailed specification of the model, as the results obtained here exhibit features of sufBcient generality. Furthermore these results will be useful for the analysis of the dynamic structure factor and related quantities discussed in Sec. V. As k increases, the separation between the macroscopic relaxation rates (3.14) [dashed lines in Fig. 1(a) ': = . , = . 
V. POWER SPECTRUM
A. Thermal-lattice-gas model The fIuid model considered here is the two-dimensional multispeed lattice gas introduced in [5] . It resides on a triangular lattice where particles undergo displacements from node to node with velocity moduli 1, v 3, and 2 (in lattice units per time step); they have energy 1/2, 3/2, and 2, respectively, and rest particles have zero energy. Displacements are along any of the six lattice axes for particles with velocities 1 and 2, and along any of the six directions bisecting the lattice axes for particles with velocity modulus~3. Rest particles reside on the lattice nodes. Particles obey the exclusion principle, i.e. , each channel can be occupied by at most one particle.
There are 19 channels (6 + 6 + 6 + 1) per node and the present lattice-gas automaton is referred to as the 19-bit model [5] since the state of a node is coded by a 19-bit word. Collisions are modeled by configurational changes on each node compatible with conservation of particle number p, momentum g, and energy e per node. After collision, particles propagate to a new site of the lattice according to their velocity vector, and the sequence collision-propagation reiterates. Elementary configurations that transfer energy during collision are illustrated in Ref. [5] . The 19-bit model can be viewed as a multilevel system where particles are redistributed after collision amongst the energy levels by a nontrivial energy conserving process; the redistribution is governed by a symmetric matrix of transition probabilities such that all transitions between input and output configurations are equally probable within the class of states, defined by the parameter set (p, g, e) of conserved quantities.
The two-step sequence, collision-propagation, is mathematically expressed by a set of microdynamical equations [4] from which the lattice Boltzmann equation (2.7) can be obtained. In the LGA implementation, the microscopic evolution is operationally realized by the application of the transition probability matrix followed by a bit-shifting operation. All The measured spectra are smoothed (noise reduction) by averaging over a sufficiently large number of spectra (typically 400) and by filtering out the high frequency oscillations in cu using the procedure described in [15] .
The simulations are performed with the following speciflcations: (i) system sizes of 512 x 512 and 2048 time steps; (ii) periodic boundary conditions; (iii) initialization with zero total momentum, i.e. , the system is at rest; (iv) measurements are performed after the system has reached equilibrium. Table I . The thermodynamic state is specified by the number of particles p = P, f;, and the energy e = P, e; f, , which are set by the fugacity z = exp( -a) and the reduced temperature 0 = exp( -P/2) on account of (2.3). For the simulations discussed in this paper the thermodynamic parameters are chosen as
In the simulations the wave vector k is oriented either along the horizontal x direction or along the vertical y direction with k = k 1, k = 2mk*/L = k*ko, and k = k"l",k"= sr~3k*/I, respectively. Here k* is an integer and I is the linear size of the lattice, i.e. , the number of nodes along the x and y direction (in our simulations L = 512).
We will compare the results of numerical simulations with the Boltzmann expression for S(k, cu) in (2.11) and (3.10), obtained by numerical evaluation. For small k we will also use the Landau-Placzek expression (3.19) with the thermodynamic quantities p and c, computed from (3.18) and (A5), and the Boltzmann transport coefficients v and DT, computed from (All). Fig. 2(a Fig. 2(a) . This is probably due to the poor resolution at small k values of the peaks where fluctuations in the simulation data are most pronounced.
When the value of the wave number increases, the Landau-Placzek theory progressively fails to reproduce the measured spectra, since linearized hydrodynamics with constant transport coefficients becomes invalid at short wavelengths.
At k = 50ko 0.6 one enters the regime of generalized hydrodynamics where the simulation data are in excellent agreement with the Boltzmann theory (except for the peak values).
When k increases further, the deviations from classical hydrodynamics become larger. This is clearly exemplified in Fig. 2(b) , which shows a comparison between the measured and computed dynamical structure factors at k = 136ko 1.67. The figure shows that the Boltzmann prediction remains valid down to quite short wavelengths (here A 4). The relevant k value lies on the border between kinetic and generalized hydrodynamic regimes, as can be seen from Fig. 1(a) . Therefore the LandauPlaczek predictions with constant transport coefficients are expected to fail completely; however, when combined with the k dependent sound speed and transport coeKcients, calculated from the eigenvalue spectrum, considerable improvement is obtained. The spurious oscillations in the simulated S(k, w) are effects of the smoothing procedure applied to the noisy data [16] .
D. Low density
Similar conclusions can be drawn from the spectral analysis of the lattice-gas simulations at different densities with the observation that at low density, the range of validity in k of the different approximations is narrower, as can be inferred from the discussion in Sec. IV. We illustrate these effects in Figs propagating.
In the "Brillouin lines" of Fig. 2(d Fig. 3 We recall that the wave number k 1.5 in Fig. 1(a) separates the generalized hydrodynamic and kinetic regimes.
In the kinetic regime the parametrization (3.19) has lost all physical meaning.
It is also possible to test certain aspects of the theory, such as the location of the Brillouin peaks, independent 2.0~p The Landau-Placzek ratio, i.e. , the ratio of the integrated intensity of the central Rayleigh line to those of the Brillouin lines is given by (p -1), as can be easily checked from (3.19 In the long-wavelength limit the hydrodynamic modes g"(k) and eigenvalues z"(k) can be determined by a
Taylor-series expansion, q"(k) = q(') + 'aq(') + ('A:) 2y(') + . ,
Substitution of (A2) into (Al) gives the set of equations nip(')) = 0, l~") = ( +. . '")l~")), and r~~= 2(c, -c~).
The second equation of (A3) then has the solution I&'") =~l j~) + ). B~-I&("). 
The coefficients B»(p, = T, a. , J ) remain undetermined, but they do not appear in any of the final results. We note here that the expressions (AS) for the hydrodynamic modes to O(k ) given in [17] are incomplete, as they do not contain the terms B"g . However, these terms (o) do not affect the explicit expressions for the transport coefficients derived in Refs. [7, 17] 
